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Abstract
C.H. Li recently made the following conjecture: Let Γ be a circulant digraph of order n = n1n2 and degree m, where
gcd(n1, n2) = 1, n1 divides 4k, where k is odd and square-free, and every prime divisor of n2 is greater than m, or, if Γ is a
circulant graph, every prime divisor of n2 is greater than 2m. Then Γ is a CI-digraph of Zn . In this paper we verify that this
conjecture is true.
c© 2007 Elsevier B.V. All rights reserved.
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In [9], C.H. Li proved the following result.
Theorem 1. Let G be a cyclic group, and let G p be a Sylow p-subgroup of G. Suppose that every circulant digraph
of order n = |G| and degree m is a CI-digraph of G. If |G| is not a prime square, and p + 1 ≤ m ≤ (n − 1)/2, then
G p ∼= Zp or Z4.
A consequence of this result is that if every circulant digraph of order n and degree m is a CI-digraph of Zn , then
n = n1n2, where gcd(n1, n2) = 1, n1 divides 4k, where k is an odd square-free integer, and every prime divisor of
n2 is greater than m. We remark that throughout this paper, the degree of a vertex v in a digraph is the number of arcs
with one end-point v. Thus the degree of v in a digraph is the sum of the in-degree of v and the out-degree of v. If we
consider the extreme cases for n1 and n2, that is, n1 = 1 or n2 = 1, then every such circulant digraph is a CI-digraph
of Zn by [12] (n1 = 1) and [13,14] (n2 = 1). These observations motivated Li to make the following conjecture [10]:
Conjecture 2. Let n = n1n2 be an integer such that gcd(n1, n2) = 1, and n1 divides 4k, where k is odd and square-
free.
1. If every prime divisor of n2 is greater than m, then every circulant digraph of order n and degree at most m is a
CI-digraph of Zn .
2. If every prime divisor of n2 is greater than 2m, then every circulant graph of order n and degree at most 2m is a
CI-graph of Zn .
In this paper, we will show that the preceding conjecture is true. We remark that Muzychuk [16] has recently
determined necessary and sufficient conditions for two circulant graphs to be isomorphic, and that result could also
be used to verify Li’s conjecture.
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1. Preliminaries
We state some definitions that will be used throughout the paper, and state several (more or less) well-known
results whose usefulness has been demonstrated in the literature. Other definitions and results will given as needed in
the paper. For permutation group terminology not defined here, see [5].
Definition 3. Let G be a group and S ⊂ G be such that 1 6∈ S. Define a Cayley digraph of G, denoted Γ (G, S) to
be the digraph with V (Γ (G, S)) = G and E(Γ (G, S)) = {(g, gs) : g ∈ G, s ∈ S}. For a group G, the left regular
representation of G, denoted GL , is the group 〈gL : G → G by gL(h) = gh : g ∈ G〉. We remark that if Γ (G, S)
is a Cayley digraph of G, then GL ≤ Aut(Γ ). If S = S−1, then Γ (G, S) is a Cayley graph of G. We will frequently
write Γ is a Cayley (di)graph of G in place of Γ (G, S). Finally, a circulant graph of order n is a Cayley graph of Zn .
Definition 4. For a Cayley (di)graph Γ of G, we say that Γ is a CI-(di)graph of G if whenever Γ ′ is a Cayley
(di)graph of G isomorphic to Γ , then there exists α ∈ Aut(G) such that α(Γ ) = Γ ′.
The following result characterizes the CI-property, and is used in almost every result in the literature dealing with
the Cayley Isomorphism problem. We remark that a weaker version of this result was also proven in [1].
Lemma 5 (Babai, [2]). For a Cayley (di)graph Γ of G the following are equivalent:
1. Γ is a CI-(di)graph of G,
2. given a permutation φ ∈ SG such that φ−1GLφ ≤ Aut(Γ ), GL and φ−1GLφ are conjugate in Aut(Γ ).
Definition 6. Let G be an imprimitive permutation group, admitting a complete block system B. If g ∈ G we may
view g as a permutation of the blocks of B, denoted g/B. Thus there is a homomorphism α : G → SB where
α(g) = g/B. We denote the kernel of this homomorphism by fixG(B). Hence fixG(B) = {g ∈ G : g(B) = B
for every B ∈ B}. The image of this homomorphism is denoted G/B.
Definition 7. Let Γ be a vertex-transitive graph and G ≤ Aut(Γ ) such that G is transitive and admits a complete
block system B. We define a graph Γ/B by V (Γ/B) = B and
E(Γ/B) = {Bi B j : some vertex of Bi is adjacent to some vertex of B j }.
Note that G/B ≤ Aut(Γ/B), and if Γ is connected, then Γ/B is also connected.
Definition 8. Let G ≤ Sn be a transitive permutation group that admits nontrivial complete block systems B and C
with the property that every block of B is a union of blocks of C. Then G/C acts on C and the blocks of B induce a
complete block system of G/C, which we denote by B/C. Thus a block of B/C consists of those blocks of C whose
union is a block of B.
Definition 9. Let Ω be a set and G ≤ SΩ be transitive. Let G act on Ω × Ω coordinate-wise. That is, g(ω1, ω2) =
(g(ω1), g(ω2)) for ω1, ω2 ∈ Ω . We define the 2-closure of G, denoted G(2), to be the largest subgroup of SΩ whose
orbits on Ω × Ω are the same as G’s. Note that G(2) ≤ Aut(Γ ) for every G ≤ Aut(Γ ) and digraph Γ . Furthermore,
if G is a transitive group, then G admits a complete block system B if and only if G(2) admits B as a complete block
system.
The following result is elementary and first appeared (in Russian) in [8].
Lemma 10. Let G be a transitive permutation group acting on Ω and H a transitive permutation group acting on∆.
Let G × H act on Ω ×∆ coordinate-wise. Then (G × H)(2) = G(2) × H (2).
Definition 11. Let G be a transitive permutation group that admits a complete block system B of m blocks of size p,
p a prime, and B is formed by the orbits of some normal subgroup N C G. Then for each B ∈ B there exists αB ∈ N
such that αB |B is a p-cycle. Define an equivalence relation≡ on B by B ≡ B ′ if and only if whenever α ∈ N and α|B
is a p-cycle then α|B′ is also a p-cycle. Denote the equivalence classes of ≡ by C0, . . . ,Ca and let Ei = ∪B∈Ci B.
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Lemma 12 (Dobson, [4]). Let Γ be a vertex-transitive digraph with G ≤ Aut(Γ ) and α be as in Definition 11. Then
for each 0 ≤ i ≤ a there exists αi ∈ Aut(Γ ) such that αi |Ei = α|Ei and αi |E j = 1 for every i 6= j . Furthermore,
{Ei : 0 ≤ i ≤ a} is a complete block system of G and fixG(2)(B) contains a semiregular element of order p.
We remark that the previous result was only proved in [4] for graphs, but the proof works equally well for digraphs.
We will also use the wreath product construction.
Definition 13. Let Γ1 and Γ2 be digraphs. Let
E = {((x, x ′), (y, y′)) : xy ∈ E(Γ1), x ′, y′ ∈ V (Γ2) or x = y and x ′y′ ∈ E(Γ2)}.
Define the wreath (or lexicographic) product of Γ1 and Γ2, denoted Γ1 o Γ2, to be the graph such that V (Γ1 o Γ2) =
V (Γ1)×V (Γ2) and E(Γ1 oΓ2) = E . We remark that the wreath product of a circulant graph of order m and a circulant
graph of order n is circulant.
The following classical result of Burnside is, in general, extremely useful and will prove of use here.
Theorem 14 (Burnside, [3]). Let G be a transitive group of prime degree. Then either G is doubly transitive or G
contains a normal Sylow p-subgroup.
If G is a transitive group of prime degree and has a normal Sylow p-subgroup, then it is not difficult to show that
G is permutation isomorphic to a subgroup of AGL(1, p) = {x → ax + b : a ∈ Z∗p, b ∈ Zp}. Similarly, it is also
straightforward to show that if G is a transitive group of prime degree, then G has a normal Sylow p-subgroup if and
only if G is solvable.
2. Tools
Generally speaking, a vertex-transitive digraph with “small” degree has a “small” automorphism group and often
times has a restricted structure. In the following result, we will give such restrictions on either a circulant digraph or
on the automorphism group of a circulant digraph in the cases under consideration in this paper. This result will form
the basis of the main result. In what follows, we let (Zn)L = 〈τ 〉, where τ(i) = i + 1 (of course, arithmetic is done
modulo n).
Theorem 15. Let Γ be a circulant digraph of order n = n1n2 and degree m, where gcd(n1, n2) = 1, n1 divides 4k,
where k is odd and square-free, and every prime divisor of n2 is greater than m, or, if Γ is a circulant graph, every
prime divisor of n2 is greater than 2m. Then one of the following is true;
1. Γ is disconnected,
2. whenever G ≤ Aut(Γ ) with 〈τ 〉 ≤ G and G admits a complete block system Bp of n/p blocks of prime size p,
p|n2, then a Sylow p-subgroup of fixG(Bp) has order p,
3. Γ is a graph and there exists a unique prime divisor q of n2 such that whenever G ≤ Aut(Γ ) with 〈τ 〉 ≤ G and G
admits a complete block system Bp of n/p blocks of size p, p|n2, then a Sylow p-subgroup of fixG(Bp) has order
p or p = q and the following are true;
(a) 〈τ 〉 admits a complete block system C of 2 blocks of size n/2 such that a Sylow q-subgroup of fixG(2)(Bq) is
〈τ n/q |C : C ∈ C〉,
(b) if Γ˜ is the circulant graph obtained from Γ by removing every edge of Γ both of whose endpoints are contained
in some block of C, then Γ˜/Bq is a 1-factor and Γ˜ is q-regular.
Proof. We assume that neither (1) or (2) occurs, and show that (3) occurs. Thus Γ is connected. Suppose there exist
primes q1, q2|n2, q1 6= q2, and Gi ≤ Aut(Γ ), i = 1, 2, such that τ ∈ Gi , Gi admits a complete block system
Bqi of n/qi blocks of size qi , and a Sylow qi -subgroup of fixGi (Bqi ) has order at least q2i . Define an equivalence
relation ≡i on Bqi , i = 1, 2, by B≡i B ′ if and only if whenever α ∈ fixGi (Bqi ) and α|B is a qi -cycle then α|B′ is
also a qi -cycle. By Lemma 12 the union of the equivalence classes of ≡i form a complete block system Ei of Gi ,
and τ n/qi |E ∈ G(2)i ≤ Aut(Γ ) for every E ∈ Ei . As a Sylow qi -subgroup of fixGi (Bqi ) has order at least q2i , Ei is
nontrivial, i = 1, 2. As Γ is connected, for i = 1, 2, there exists Ei , E ′i ∈ Ei such that Ei 6= E ′i and some vertex of Ei
is adjacent to some vertex of E ′i . As τ n/qi |E ′i ∈ Aut(Γ ), we have that some vertex of Ei is adjacent to at least qi > m
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vertices of E ′i and qi of these vertices are contained in a block of Bqi . As if Γ is a digraph then m < qi , we have that
Γ is a graph. Applying an appropriate power of τ to these edges, we have that 0 is adjacent to qi vertices contained in
some block of Bqi . As gcd(q1, q2) = 1 and the intersection of two blocks of 〈τ 〉 is again a block of 〈τ 〉, |B1 ∩ B2| = 0
or 1 for B1 ∈ Bq1 , and B2 ∈ Bq2 . We conclude that 0 is adjacent to at least q1 + q2 − 1 vertices of Γ . As q1 > m and
q2 > m, q1+ q2− 1 > 2m, a contradiction. Thus there exists a unique prime divisor q = q1 of n2 such that whenever
G ≤ Aut(Γ ) with (Zn)L ≤ G and G admits a complete block system Bp of n/p blocks of size p, p|m, then a Sylow
p-subgroup of fixG(Bp) has order p or p = q.
Suppose that E1 consists of r blocks of size s, with r > 2. As Γ is connected, Γ/E1 is also connected. As
〈τ 〉/E1 ≤ Aut(Γ/E1), we have that Γ/E1 is circulant. As r > 2, Γ/E1 is not a tree so that Γ/E1 contains a cycle.
Hence there exist distinct E1, E2, E3 ∈ E1, such that some vertex x of E1 is adjacent to some vertex y1 of E2, and
some vertex y2 of E2 is adjacent to some vertex z of E3. Let Bx , B1, B2, Bz ∈ Bq such that x ∈ Bx , yi ∈ Bi , i = 1, 2,
and z ∈ Bz . As τ n/q |E ∈ Aut(Γ ) for every E ∈ E1, we have that every vertex of Bx is adjacent to every vertex of
B1 and every vertex of B2 is adjacent to every vertex of Bz . Let t ∈ Zn such that τ t (B1) = B2. Then τ t (E2) = E2
so that τ t (E) = E for every E ∈ E1. Applying τ t to every edge between a vertex of Bx and a vertex of B1, we
may assume without loss of generality that B1 = B2. As E1 6= E3, we have that every vertex of B1 is adjacent to at
least 2q vertices of Γ . This is a contradiction as 2q > 2m. Thus C = E1 consists of two blocks of size n/2, and as
every complete block system of G is also a complete block system of 〈τ 〉, we have that C is a block of 〈τ 〉. As 〈τ 〉 is
cyclic, it follows that C is formed by the orbits of 〈τ 2〉. It is then easy to see that a Sylow q-subgroup of fixG(2)(Bq) is
〈τ n/q |C : C ∈ C〉. Thus (3a) follows.
Let Γ˜ be the circulant graph obtained from Γ by removing every edge of Γ both of whose endpoints are contained
in some block of C. As Γ˜ is a circulant graph, Γ˜/Bq is a circulant graph. As Γ is connected, for distinct C,C ′ ∈ C
there is an edge between some vertex of C and some vertex of C ′, so that Γ˜/Bq has some edges. Thus to show that
Γ˜/Bq is a 1-factor it suffices to show that Γ˜/Bq does not contain a path of length 2. Suppose that Γ˜/Bq contains a path
of length 2. As Γ˜ [C] = K¯n/2 for every C ∈ C, any path of length 2 in Γ˜/Bq will consist of a sequence Bx , By, Bz ,
where there exists C ∈ C such that Bx , Bz ⊆ C and By ∩ C = ∅. Then some vertex x ∈ Bx is adjacent in Γ to some
vertex y1 ∈ By , and some vertex y2 ∈ By is adjacent in Γ to some vertex z ∈ Bz . As τ n/q |C ∈ Aut(Γ ), every vertex
of Bx is adjacent in Γ to every vertex of By and every vertex of By is adjacent in Γ to every vertex of Bz . Then every
vertex of By is adjacent in G to at least 2q vertices, a contradiction. Thus Γ˜/Bq is a 1-factor. It is now easy to see that
Γ˜ is q-regular and the result then follows. 
The remainder of this paper consists of analysing the various cases as given by the preceding result. It turns out
that part (2) of the preceding result requires the most machinery, which we now develop.
Definition 16. Let X be the set of all possible complete block systems of (Zn)L . Define a partial order on X by B  C
if and only if every block of C is a union of blocks of B.
Definition 17 (Hassani, Iranmanesh, and Praeger, [7]). Let n = Π ri=1 paii and s = Σ ri=1ai . A transitive group G of
degree n is genuinely s-step imprimitive if there exists a sequence of normal subgroups of G, 1 = N0 < N1 < N2 <
· · · < Ns = G, where each Ni , 1 ≤ i ≤ s, is intransitive and the orbits of Ni are properly contained in the orbits of
Ni+1, 0 ≤ i ≤ s − 1. The orbits of Ni , 1 ≤ i ≤ s, form a complete block system Bi of G, and if i ≤ j , then Bi  B j .
We call B0, . . . ,Br an s-step block sequence of G.
The following result is a combination of Theorems 1.8 and 4.9 of [15].
Lemma 18. Let n = pa11 . . . parr be the prime power decomposition of n, with pi < pi−1, 2 ≤ i ≤ r , and
s = ∑ri=1 ai . Let 〈τ 〉 = (Zn)L and y ∈ Sn such that 〈y〉 is conjugate to 〈τ 〉 in Sn . Then there exists y′ ∈ 〈τ, y〉
such that 〈y′〉 is conjugate to 〈y〉 in 〈τ, y〉 and the following conditions hold:
1. 〈τ, y′〉 is genuinely s-step imprimitive with B0, . . . ,Bs an s-step block sequence of G,
2. let b0 = 1, and for 1 ≤ i ≤ r , let bi = ∑ij=1 a j . If bi − 1 ≤ k < bi+1 − 1, Bk ∈ Bk , and Bk+1 ∈ Bk+1, then|Bk+1|/|Bk | = pi+1, where 0 ≤ i ≤ r − 1, and
3. 〈τ, y′〉 is solvable.
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Lemma 19. Let 〈τ, y′〉 = G ≤ Sn satisfy the conclusion of Lemma 18. Then G is permutation isomorphic to a
subgroup of AGL(1, pr )[ar ] o . . . o AGL(1, p1)[a1], where AGL(1, pi )[ai ] denotes the wreath product of AGL(1, pi )
with itself ai times.
Proof. We proceed by induction on ` = ∑rj=1 a j . If ` = 1, then G is a solvable group of prime degree and by
Theorem 14, G is permutation isomorphic to a subgroup of AGL(1, p1). Assume the result holds for all transitive
groups G that satisfy the hypothesis for ` ≥ 1, and let G be a transitive group that satisfies the hypothesis with∑r
j=1 a j = `+ 1. Then B1 is a complete block system of n/p1 blocks of size p1. By the induction hypothesis, G/B1
is permutation isomorphic to a subgroup of AGL(1, pr )[ar ] o . . . oAGL(1, p1)[ar−1]. As G is solvable, StabG(B1)|B1 is
solvable and so by Theorem 14, StabG(B1)|B1 is permutation isomorphic to a subgroup of AGL(1, pr ). It then follows
by the Embedding Theorem [11, Theorem 2.6] that G is permutation isomorphic to AGL(1, pr )[ar ] o. . .oAGL(1, p[ar ]1 ).
Thus the result follows by induction. 
Definition 20. For a positive integer m, let N (m) = {i → ai + b : a ∈ Z∗m, b ∈ Zm}. Then N (m) is the normalizer
in Sm of the left (and right) regular representation of Zm . If m is prime, N (m) is usually denoted AGL(1, p).
Lemma 21. Let p be an odd prime, and P a Sylow p-subgroup of N (p2) so that P admits a unique complete block
system B of p blocks of size p formed by the orbits of 〈x p〉, where 〈x〉 is the left regular representation of Zp2 . If
g ∈ P such that g/B 6= 1, then |g| = p2. Furthermore, if g, h ∈ P such that g/B 6= h/B, then g p 6= h p.
Proof. It is straightforward to verify, using well-known facts about N (p2), that if g ∈ P then g(i) = (1+ p)ai + b,
where a ∈ Zp and b ∈ Zp2 . Furthermore, if g/B 6= 1, then we must have that b 6≡ 0 (mod p). Then
g p(i) = (1+ p)api +
p−1∑
j=0
(1+ p)aj b
= i + b
p−1∑
j=0
(1+ ajp)
= i + bp + ap
p−1∑
j=0
j.
As p 6= 2, ∑p−1j=0 j ≡ 0 (mod p). We conclude that g p(i) = i + bp. As b 6≡ 0 (mod p), we have that
bp 6≡ 0 (mod p2) so that g p has order p. If h, g ∈ P such that g/B 6= h/B, then g(i) = (1 + p)ag i + bg
and h(i) = (1 + p)ah i + bh , where ag, ah ∈ Zp and bg, bh ∈ Zp2 . As g/B 6= h/B, bg 6≡ bh (mod p). Then
i + bh p 6≡ i + bg p (mod p2) for every i ∈ Zp2 and the result follows. 
Lemma 22. Let G ≤ Sn such that G admits a complete block system B of m blocks of size k formed by the orbits of
〈z〉, where z is a semiregular element of order k. Furthermore, assume that fixG(B)|B admits a complete block system
of r blocks of size s formed by the orbits of 〈zr 〉|B for some B ∈ B (rs = k). Then G admits a complete block system
C of mr blocks of size s formed by the orbits of 〈zr 〉.
Proof. As B is formed by the orbits of 〈z〉, z ∈ fixG(B). If fixG(B)|B admits a complete block system CB of r blocks
of size s formed by the orbits of 〈zr 〉|B for some B ∈ B, then by [18, Proposition 6.2], w(CB) is a complete block
system of fixG(B)|B′ , where w ∈ G with w(B) = B ′. As 〈z〉|B′ ≤ fixG(B)|B′ , by [18, Exercise 6.5], every complete
block system of fixG(B)|B′ is formed by the orbits of 〈za〉|B′ for some a ∈ Zk . As for every divisor d of k, there is a
unique subgroup of 〈z〉|B′ of order d , we conclude that the blocks of w(CB) are the orbits of 〈zr 〉|B′ . Hence for every
B ∈ B, the orbits of 〈zr 〉|B form a complete block system CB of fixG(B)|B . But then if w ∈ G, then w(CB) = CB′ for
some B ′ so that C = ∪B∈B CB is a complete block system of G.
Lemma 23. Let G ≤ Sn be transitive such that G admits a complete block system B of m blocks of size pk , p an odd
prime and k a positive integer, fixG(B) contains a semiregular element z of order pk , and fixG(B) contains a normal
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Sylow p-subgroup P. Then G admits a complete block system C formed by the unique subgroup of 〈z〉 of order p, and
if P 6= 〈z〉, then a Sylow p-subgroup of fixP (C) has order at least p2.
Proof. We first show that G admits C as a complete block system. If k = 1, then this is trivial, so we assume that
k ≥ 2. Then the unique subgroup of 〈z〉 of order p is 〈z pk−1〉. As P C fixG(B) and z is an element of order pk ,
z ∈ P . Let B ∈ B. Then P|B is a p-group so that Z(P|B), the center of P|B , is nontrivial. As the centre of a group
is characteristic, Z(P|B) C fixG(B)|B . As z ∈ P , P|B contains a regular subgroup isomorphic to Zpk , and, as a
transitive abelian group is self-centralizing [18, Proposition 4.4], we have that Z(P|B) ≤ 〈z|B〉. Thus Z(P|B) is cyclic
and so contains a unique subgroup HB of order p (namely 〈z pk−1 |B〉). As HB is the unique subgroup of Z(P|B) of
order p, HB is characteristic in Z(P|B) and as Z(P|B) is characteristic in P|B , we have that HB is characteristic in
P|B . As P C fixG(B), P|B C fixG(B)|B , so that HB C fixG(B)|B . Thus fixG(B)|B admits a complete block system
of pk−1 blocks of size p formed by the orbits of 〈z pk−1〉|B . By Lemma 22, G admits C as a complete block system.
We now need only show that if P 6= 〈z〉, then a Sylow p-subgroup of fixP (C) has order at least p2
We proceed by induction on k. If k = 1, then B = C and the result simply states that if fixP (B) 6= 〈z〉 then
|fixP (B)| ≥ p2, which is certainly true. Assume k ≥ 2 and that the result holds for every j < k. Assume that the
result does not hold. That is, that P 6= 〈z〉 but fixP (C) = 〈z pk−1〉. Then |P/C| = |P|/p so that P/C 6= 〈z〉/C. Then
G/C admits a complete block system B′ of n/p blocks of size pk−1 formed by the orbits of P/C (as P/C C G/C),
and a complete block system C′ of n/p2 blocks of size p formed by the orbits of 〈z pk−2〉/C (by the first part
of this result). Note that fixP/C(C′) is abelian. By the induction hypothesis, fixP/C(C′) 6= 〈z pk−2〉/C. As G/C
admits C′ as a complete block system, G admits a complete block system D formed by the orbits of 〈z pk−2〉. As
fixP/C(C′) 6= 〈z pk−2〉/C, we have that fixP (D) 6= 〈z pk−2〉. Let y ∈ fixP (D) such that y/C 6∈ 〈x pk−2〉/C. As fixP/C(C′)
is abelian, z−pk−2 yz pk−2 y−1/C = 1 so that z−pk−2 yz pk−2 y−1 ∈ fixP (C) = 〈z pk−1〉. Thus yz pk−2 y−1 ∈ 〈z pk−2〉.
In particular, for each block D ∈ D, we have that y|D ∈ NSp2 (〈z p
k−2〉|D) ∼= N (p2). As y/C 6= 1, it follows by
Lemma 21 that |y| = p2. As y p ∈ fixP (C), we have that y p ∈ 〈z pk−1〉. Furthermore, as y/C 6= 1 and y/C 6∈ 〈z pk−2〉/C,
there exists C1,C2 ∈ C′ such that (y/C)|C1 = (zapk−2/C)|C1 , (y/C)|C2 = (zbpk−2/C)|C2 , and a 6≡ b (mod p). Let
D1, D2 ∈ D such that D1 = ∪C∈C1 C and D2 = ∪C∈C2 C . It then follows by Lemma 21 that y p|D1 6= y p|D2 . Thus
y p 6∈ fixP (C), a contradiction. 
Lemma 24. Let φ ∈ Sn be such that G = 〈τ, φ−1τφ〉 satisfies the conclusion of Lemma 18 and the largest prime
divisor p of n is odd. Let n = pkm with gcd(m, p) = 1. Then one of the following occurs:
1. fixG(B1) has a Sylow p-subgroup of order at least p2, or
2. fixG(Bk) has a unique cyclic Sylow p-subgroup P = 〈τ n/pk 〉, P ≤ Z(G), the centre of G, and fixG(Bk) = P.
Proof. We will first show by induction on 1 ≤ i ≤ k that fixG(Bi ) has a unique cyclic Sylow p-subgroup or fixG(B1)
has a Sylow p-subgroup of order at least p2. For i = 1, this follows from Theorem 14 (as G, and hence fixG(B1)
is solvable). We thus assume that for 1 ≤ i < k, fixG(Bi ) has a unique cyclic Sylow p-subgroup or fixG(B1) has a
Sylow p-subgroup of order at least p2. If fixG(B1) has a Sylow p-subgroup of order at least p2, then the result is true,
so we assume that a Sylow p-subgroup of fixG(Bi ) is unique and cyclic.
Let Pi+1 be a Sylow p-subgroup of fixG(Bi+1). As G is solvable, G/Bi is solvable, and hence fixG/Bi (Bi+1/Bi ) is
solvable. By Theorem 14 fixG/Bi (Bi+1/Bi ) has a normal Sylow p-subgroup. Thus the unique Sylow p-subgroup
of fixG/Bi (Bi+1/Bi ) is Pi+1/Bi . As 〈τ n/p
i 〉 and 〈φ−1τ n/piφ〉 are contained in fixG(Bi ) and fixG(Bi ) contains a
unique cyclic Sylow p-subgroup, 〈τ n/pi 〉 and 〈φ−1τ n/piφ〉 are Sylow p-subgroups of fixG(Bi ) and thus equal.
Then every element of 〈τ 〉 commutes with every element of 〈τ n/pi 〉 and every element of 〈φ−1τ n/piφ〉 commutes
with every element of 〈φ−1τ n/piφ〉 = 〈τ n/pi 〉. We conclude that every element of 〈τ n/pi 〉 commutes with every
element of G = 〈τ, φ−1τφ〉. As a transitive abelian group is self-centralizing [18, Proposition 4.4], we conclude that
G ≤ (G/Bi ) o Zpi so that fixG(Bi ) = 〈τ n/pi 〉. Whence Pi+1 C G. As Bi+1 is formed by the orbits of 〈τ n/pi+1〉, it
follows by Lemma 23 that either Pi+1 = 〈τ n/pi+1〉 or fixG(B1) has a Sylow p-subgroup of order at least p2. Then
fixG(Bk) has a unique cyclic Sylow p-subgroup or fixG(B1) has a Sylow p-subgroup of order at least p2 by induction.
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The rest of (2) now follows easily, as every element of 〈τ 〉 commutes with every element of 〈τ n/pk 〉 and every
element of 〈φ−1τφ〉 commutes with every element of 〈φ−1τ n/pkφ〉 = 〈τ n/pk 〉. Whence, as above, G ≤ (G/Bk) o Zpk
so that P = 〈τ n/pk 〉 ≤ Z(G) and fixG(Bk) = P . 
3. The main result
In this section, we prove the main result of this paper, verifying the conjecture of Li. Before doing so, we will prove
results which, in our main proof, will dispose of (1) and (3) of Theorem 15.
Lemma 25. Let Γ = K¯r o Γ1, where Γ1 is a connected circulant (di)graph of order m. If Γ1 is a CI-(di)graph of Zm ,
then Γ is a CI-(di)graph of Zmr .
Proof. By [17], Aut(Γ ) = Sr o Aut(Γ1) (although the result in [17] is only stated for graphs, the proof is valid for
digraphs as well). Let d = gcd(r,m), and s|r , t |m be maximal integers such that gcd(s, d) = 1 and gcd(t, d) = 1.
For convenience, we identify Zn with V = Zs × Zr/s × Zm/t × Zt in such a way that (Zn)L = 〈ρ1, ρ2, τ 〉, where
ρ1(i, j, k) = (i + 1, j, k, `), ρ2(i, j, k, `) = (i, j, k, `+ 1), and τ(i, j, k, `) = (i, j + 1, k+ b j , `), where br/s−1 = 1
and b j = 0 if j 6= r/s − 1. As Aut(Γ ) = Sr o Aut(Γ1), Aut(Γ ) admits a complete block system B of r blocks of
size m formed by the orbits of 1Sr o Aut(Γ1). Furthermore, 〈τ r/s, ρ2〉 ≤ fixAut(Γ )(B) so that B is also formed by the
orbits of 〈τ r/s, ρ2〉. Let φ ∈ SV such φ−1〈ρ1, ρ2, τ 〉φ ≤ Aut(Γ ). Then φ(Γ ) is also a circulant graph of order n with
〈ρ1, ρ2, τ 〉 ≤ Aut(φ(Γ )). As the blocks of 〈ρ1, ρ2, τ 〉 of a given order are unique [18, Exercise 6.5] and Aut(φ(Γ ))
admits a complete block system of r blocks of size m as well, this complete block system of Aut(φ(Γ )) is formed by
the orbits of 〈ρ2, τ r/s〉 and is thusB. Whence φ(i, j, k, `) = (σ (i, j), θi, j (k, `)), σ ∈ SZs×Zr/s and θi, j ∈ SZm/t×Zt . As
(i, j, k, `) 7→ (σ (i, j), k, `) ∈ Aut(Γ ), we may assume without loss of generality that σ = 1. As Γ1 is a CI-digraph
of Zm and fixAut(Γ )(B) = 1Sr o Aut(Γ1), there exists δ ∈ fixAut(Γ )(B) such that δ−1φ−1ρ2τ r/sφδ = (ρ2τ r/s)α , for
some α ∈ Z∗m . We thus assume without loss of generality that φ−1〈ρ2, τ r/s〉φ = 〈ρ2, τ r/s〉. Thus φ(i, j, k, `) =
(i, j, αm/t j + ci, j , αt`+di, j ), where αt ∈ Z∗t such that αt ≡ α (mod t), αm/t ∈ Z∗m/t such that αm/t ≡ α (mod m/t),
ci, j ∈ Zm/t , and di, j ∈ Zt . Now, let α−1m/t = q( rs )+v, q ∈ Z, 0 ≤ v < rs , in accordance with the division algorithm for
Z. Let p|( rs ) be prime. If p|v, then p|α−1m/t , so that gcd(p,m/t) = 1. Note that if p|( rs ), then p|d so that p|m. But then
p|(mt ) so that α−1m/t 6∈ Z∗m/t , a contradiction. Thus gcd( rs , v) = 1, and v is a unit in Zr/s . Hence gcd(r/s, α−1m/t ) = 1 so
that gcd(rm/st, α−1m/t ) = 1. Thus α−1m/t (mod rm/st) is a unit, so that αm/t (mod rm/st) is a unit.
Let α ∈ Zrm/st such that α ≡ αm/t (mod rm/st). Then the function α¯ : Zrm/st → Zrm/st defined by α¯(x) = αx is
an automorphism ofZrm/st . Let τˆ : Zrm/st → Zrm/st by τˆ (i, j) = (i+1, j+bi ). Thus there exists αˆ ∈ SZr/m×Zs/t such
that αˆ−1τˆ αˆ = τˆα and αˆ(0, 0) = (0, 0) (i.e. αˆ is an automorphism of Zrm/st with 〈τˆ 〉 as the regular representation of
Zrm/st acting on Zr/s×Zm/t ). Define α˜ : V → V by α˜(i, j, k, `) = (i, αˆ( j, k), `). Then α˜ρi = ρi α˜ and α˜−1τ α˜ = τα ,
and α˜ is an automorphism of the regular representation of Zrm given by 〈τ, ρ1, ρ2〉. As a (di)graph Γ of G is a CI-
(di)graph of G if and only if β(Γ ) is a CI-(di)graph of G for every β ∈ Aut(G), we may, without loss of generality,
replace Γ with α˜(Γ ) and φ by φα˜−1. After this replacement, we have that αm/t ≡ 1 (mod m/t) (and remark that σ
may no longer be 1, but by arguments above can now make it 1, if necessary.) As (i, j, k, `) 7→ (i, j, k+ci, j , `+di, j )
is in both Aut(Γ ) and Aut(φ(Γ )), we may furthermore assume that ci, j = 0 and di, j = 0 for all i ∈ Zs , j ∈ Zr/s . As
gcd(r · t,m/t) = 1, φ(i, j, k, `) 7→ (i, j, k, αt`) is an automorphism of Z∗n , and the result follows. 
Lemma 26. Let Γ be a connected circulant graph of order n dividing 4m, where gcd(m, 2) = 1. Let (Zn)L = 〈τ 〉.
Suppose that φ ∈ Sn such that G = 〈τ, φ−1τφ〉 admits a complete block system Bq of q blocks of size n/q for some
prime q. Assume that the following conditions hold:
1. there exists a complete block system C of G of 2 blocks of size n/2 such that a Sylow q-subgroup of fixG(2)(Bq) is
〈τ n/q |C : C ∈ C〉,
2. if Γ˜ is the circulant graph obtained from Γ by removing every edge of Γ both of whose endpoints are contained
in some block of C, then Γ˜/Bq is a 1-factor and Γ˜ is q-regular, and
3. Γ [C] is a CI-graph of Zn/2 for some C ∈ C.
Then Γ is a CI-graph of Zn .
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Proof. As 〈τ 〉 ≤ G, C is the unique complete block system of G of 2 blocks of size n/2, and Bq is the unique complete
block system of G of n/q blocks of size q. As C and Bq are also a complete block systems of 〈φ−1τφ〉, we have that
φ(C) = C and φ(Bq) = Bq . As τ ∈ Aut(Γ ), we may, by replacing φ with φτ if necessary, assume that φ(C) = C for
every C ∈ C. For C ∈ C, Γ [C] and φ(Γ [C]) are isomorphic graphs canonically isomorphic to circulant graphs, say Γ1
and Γ2, respectively, of order n/2. As Γ [C] is a CI-graph of Zn/2, there exists β¯ ∈ Aut(Zn/2) such that β¯(Γ1) = Γ2.
Thus β¯(x) = βx , β ∈ Z∗n/2. If 2|(n/2), then as β ∈ Z∗n/2, we have that β ≡ 1 (mod 2). Let n = 2ir , gcd(2, r) = 1
and i = 1, 2. Let α ∈ Zn such that α ≡ β (mod r) and α ≡ 1 (mod 2i ). As gcd(2, r) = 1, α is well-defined and
unique by the Chinese Remainder Theorem. Define α¯ : Zn → Zn by α¯(x) = αx . We will show that α¯(Γ ) = φ(Γ ),
which will prove the result.
Let S be the connection set of Γ and T be the connection set of φ(Γ ). Let S = S1 ∪ S2, where S1 ⊆ 〈2〉, and
S2 ⊆ 1 + 〈2〉. Let T = T1 ∪ T2, where T1 ⊆ 〈2〉 and T2 ⊆ 1 + 〈2〉. As φ(C) = C and C = { j + 〈2〉 : j ∈ Z2},
we have that Γ [〈2〉] = Γ [C] ∼= φ(Γ [〈2〉]) = φ(Γ [C]), where C ∈ C with 0 ∈ C . Let e = xy ∈ Γ [C]. Then there
exist a, b ∈ Zn/2 such that x = 2a and y = 2b. Furthermore, α¯(xy) = α(2a2b) = 2β(a)2β(b) ∈ E(φ(Γ [C])) as
β¯(Γ1) = Γ2. Let c ∈ Zn such that c ≡ 1 (mod 2i ), and c ≡ 0 (mod r). Note that 1 + 〈2〉 = c + 〈2〉. Similarly, if
xy ∈ Γ [C ′] (where C = {C,C ′}), then there exist a, b ∈ Zn/2 such that x = c + 2a and y = c + 2b. Then
α¯(xy) = α((c + 2a)(c + 2b)) = (αc + 2β(a))(αc + 2β(b)) = (c + 2βa)(c + 2βb) ∈ E(φ(Γ [C ′])),
again as β¯(Γ1) = Γ2. Thus if xy ∈ E(Γ ) and x − y ∈ S1, then α¯(x)− α¯(y) ∈ T1.
Note that Γ˜ = Cay(Zn, T2). As fixG(2)(Bq) is 〈τ n/q |C : C ∈ C〉, if there is some edge in Γ between some vertex
x of a block B ∈ Bq that is contained in C and some vertex y of a block B ′ ∈ Bq that is contained in C ′, then
every vertex of B is adjacent to every vertex of B ′. As Γ˜/Bq is a 1-factor, we must have that x − y ∈ n/2 + 〈n/q〉.
Conversely, if x − y ∈ n/2+〈n/q〉, then xy ∈ E(Γ˜ ). Thus S2 = n/2+〈n/q〉. As φ(Bq) = Bq , φ/Bq is well defined,
and (φ/Bq)(Γ˜/Bq) is then a 1-factor. As φ(C) = C and φ(Bq) = Bq , we have that 〈τ n/q |C : C ∈ C〉 ≤ Aut(φ(Γ )).
Then an argument similar to the one above shows that T2 = n/2 + 〈n/q〉. Let xy ∈ E(Γ˜ ), and assume without loss
of generality that x = n/2+ an/q , y = bn/q , for some a, b ∈ Zq . As 〈n/2〉 = {0, n/2} and α¯(0) = 0, we have that
α¯(n/2) = n/2. As α¯(〈n/q〉) = 〈n/q〉,
α¯(x)− α¯(y) = α(n/2+ an/q)− α(bn/q) = n/2+ cn/q − dn/q
for some c, d ∈ Zq . Whence α¯(x) − α¯(y) ∈ T2 so that α¯(xy) ∈ E(φ(Γ˜ )) and α¯(xy) ∈ E(φ(Γ )). As, for every
edge xy ∈ E(Γ ), x − y ∈ S1 or x − y ∈ S2, we have that α¯(xy) ∈ E(φ(Γ )) for every edge xy ∈ E(Γ ) and
α¯(Γ ) = φ(Γ ). 
We now prove the main result of this paper.
Theorem 27. Let Γ be a circulant digraph of order n = n1n2 and degree m, where gcd(n1, n2) = 1, n1 divides 4k,
where k is odd and square-free, and every prime divisor of n2 is greater than m, or, if Γ is a circulant graph, every
prime divisor of n2 is greater than 2m. Then Γ is a CI-digraph of Zn .
Proof. We proceed by induction on the number of (not necessarily distinct) prime factors of n. If n is prime, then the
result follows easily as Zn is a CI-group with respect to digraphs. We thus assume the result holds for all values of
n with i or fewer (not necessarily distinct) prime factors, and let Γ be a circulant digraph of order n satisfying the
hypothesis, where n has i + 1 (not necessarily distinct) prime factors. By Theorem 15, one of the following occurs:
1. Γ is disconnected,
2. whenever G ≤ Aut(Γ ) with (Zn)L ≤ G and G admits a complete block system Bp of n/p blocks of size p, p|n2,
then a Sylow p-subgroup of fixG(Bp) has order p2,
3. Γ is a graph and there exists a unique prime divisor q of n2 such that whenever G ≤ Aut(Γ ) with (Zn)L ≤ G and
G admits a complete block system Bp of n/p blocks of size p, p|n2, then a Sylow p-subgroup of fixG(Bp) has
order p or p = q and the following are true;
(a) there exists a complete block system C of 2 blocks of size n/2 such that a Sylow q-subgroup of fixG(2)(Bq) is
〈τ n/q |C : C ∈ C〉,
(b) if Γ˜ is the circulant graph obtained from Γ by removing every edge of Γ both of whose endpoints are contained
in some block of C, then Γ˜/Bq is a 1-factor and Γ˜ is q-regular.
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If (1) occurs, then Γ = K¯r o Γ1, where r |n and Γ1 is a circulant digraph of order n/r and degree m. Write n/r as
m1m2, where gcd(m1,m2) = 1, m1 divides 4`, where ` is odd and square-free, and every prime divisor of m2 is
greater than m. This can clearly be accomplished as n = n1n2. By the induction hypothesis, Γ1 is a CI-(di)graph of
Zn/r , and thus by Lemma 25 Γ is a CI-(di)graph of Zn .
Let φ ∈ Sn such that φ−1〈τ 〉φ ≤ Aut(Γ ). By Lemmas 5 and 18, we may assume without loss of generality
that G = 〈τ, φ−1τφ〉 satisfies the conclusion of Lemma 18 (we remark that henceforth we will use the notation of
Definition 17 and Lemma 18), and so by Lemma 19 G is permutation isomorphic to a subgroup of AGL(1, pr )[ar ] o
. . . o AGL(1, p1)[a1]. Furthermore, G admits B1 as a complete block system of n/p1 blocks of size p1, and Ba1 as a
complete block system of n/pa11 blocks of size p
a1
1 . If a Sylow p1-subgroup of fixG(B1) has order at least p21 , then
(3a) and (3b) occur (with q = p1). Then Γ [C], C ∈ C, is a circulant graph of order n12 · n2 and degree 2m − p1.
Clearly n12 divides 4k and every prime divisor of n2 is greater than 2m > 2m− p1. Hence by the induction hypothesis,
Γ [C] is a CI-graph of Zn/2. It then follows by Lemma 26 that Γ is a CI-graph of Zn and the result follows. Hence
we assume that a Sylow p1-subgroup of fixG(B1) has order p1. By Lemma 24, we have that a Sylow p1-subgroup
P1 of fixG(Ba1) = P1 is cyclic, P1 = 〈τ n/p
a1
1 〉, and P1 ≤ Z(G). As G/Ba1 ≤ AGL(1, pr )[ar ] o . . . o AGL(1, p2)[a2],|AGL(1, pi )| = pi (pi − 1), and p1 > p j , for all 1 ≤ i ≤ r and 2 ≤ j ≤ r , we have that p1 does not divide
|G/Ba1 |. Whence P1 is the unique Sylow p1-subgroup of G. It then follows by Burnside’s Transfer Theorem [6,
Theorem 7.4.3], that G has a normal p1-complement H1. Thus G ≤ (AGL(1, pr )[ar ] o . . . o AGL(1, p2)[a2]) × Zpa11 .
Then 1 C H1 ∩ Na1+1 C . . . C H1 ∩ Ns−1 C Ns ∩ H1 = H1 is a sequence of normal subgroups of G, the orbits of
H1 ∩ Na1+1 have order p2, and the orbits of H1 ∩ Na2 have order pa22 . Repeating the above argument, we have either
that Γ is a CI-(di)graph of Zn , or G ≤ (AGL(1, pr )[ar ] o . . . o AGL(1, p3)[a3])× Zpa11 pa22 . Continuing inductively, we
have that either Γ is a CI-(di)graph of Zn , or G ≤ (AGL(1, pr )[ar ] o. . .oAGL(1, pt )[at ])×Zn2 , where parr . . . patt = n1.
Finally, by Lemma 10, G(2) ≤ (AGL(1, pr )[ar ] o . . . o AGL(1, pt )[at ])(2) × Zn2 (note that Z(2)n2 = Zn2 ), and as
Zn1 is a CI-group with respect to digraphs, we have that any two regular cyclic subgroups of (AGL(1, pr )[ar ] o
. . . o AGL(1, pt )[at ])(2) are conjugate in (AGL(1, pr )[ar ] o . . . o AGL(1, pt )[at ])(2), and hence any two regular cyclic
subgroups of G are conjugate in G. The result then follows by Lemma 5. 
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